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Lemma. condition for a direct sum
Suppose Vi, ..., Vi, are sub-spaces of V.. Then Vi + - -+ Vi, is a direct sum if and only if the only
way to write Oy as a sum vy + -+ + vy st V1 <k <m, v € Vi is with V1 < k <m, v = 0y.

Proof. We prove the two implications separately.

First direction:

Suppose Vi + --- 4+ V,,, is a direct sum.

Then, in particular, 0 € V; +--- 4+ V,, can be written in only one way as a sum vy + - + v, =0
where V1 < k <m, v, € Vj.

Since V4,...,V,, are all sub-spaces of V', they all contain 0 (i.e. Oy).

And since 0+ --- 4+ 0 = 0, we get that this is the one way as needed.

Second direction:

Let us assume 0+- - -4+0 = 0 is the only way to write 0 as a sum v+ - -+v,, 8.t. V1 < k < m, vy € V.
Then for everya € Vi+-+-+Vp,, iff v+ 4v, =ast. VI <k <m, v, € Vyand v+ -+, =a
s.t. VI <k <m, v}, € Vi, we get that

vt v, — W+ +v)=a—a=0

(v1 —vy) + (v = V) + -+ + (U — v),) =0

each Vj is a sub-space, hence closed under addition and scalar multiplication, therefore for each
1 <k<m,
(v —vy,) = v + (—1) - v}, € V4, so the assumption dictates that

v =V =0 A ve—vhb=0A ... A vy —uv, =0
/ / /
v1=v] N V2 =vVy A ... N\ Uy =1,

so there is exactly one way to write a in this manner (a € V; + -+ + V,,, definitionally means one
exists) and V3 +- - -+ V,, is a direct sum as needed, hence the notation V; @---®V,, can be used. O



